Background and Introduction {#Sec1}
===========================
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                \begin{document}$$\varphi $$\end{document}$, the problem of model counting, also referred to as \#SAT, is to compute the number of solutions of $\documentclass[12pt]{minimal}
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                \begin{document}$$\varphi $$\end{document}$. Model counting is a fundamental problem in computer science with a wide range of applications ranging from quantified information flow, reliability of networks, probabilistic programming, Bayesian networks, and others \[[@CR4], [@CR5], [@CR10], [@CR16], [@CR21]--[@CR23]\].

Given the computational intractability of \#SAT, attention has been focused on the approximation of \#SAT \[[@CR28], [@CR30]\]. In a breakthrough result, Stockmeyer provided a hashing-based randomized approximation scheme for counting that makes polynomially many invocations of an $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathsf {NP}$$\end{document}$ oracle \[[@CR27]\]. The procedure, however, was computationally prohibitive in practice at that time, and no practical tools existed based on Stockmeyer's proposed algorithmic framework until the early 2000s \[[@CR16]\]. Motivated by the success of $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathsf {SAT}$$\end{document}$ solvers, there has been a surge of interest in the design of hashing-based techniques for approximate model counting in the past decade \[[@CR8], [@CR9], [@CR13], [@CR15], [@CR24], [@CR25]\].

The core idea of the hashing-based framework is to employ pairwise independent hash functions[1](#Fn1){ref-type="fn"} to partition the solution space into *roughly equal-sized small* cells, wherein a cell is called *small* if it has solutions less than or equal to a pre-computed threshold, denoted by $\documentclass[12pt]{minimal}
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                \begin{document}$$thresh$$\end{document}$. A $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathsf {SAT}$$\end{document}$ solver is employed to check if a cell is small by enumerating solutions one-by-one until either there are no more solutions or we have already enumerated $\documentclass[12pt]{minimal}
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                \begin{document}$$thresh+1$$\end{document}$ solutions. The current state of the art techniques can be broadly classified into two categories:The first category of techniques, henceforth called Cat1, consists of techniques that compute a constant factor approximation by setting $\documentclass[12pt]{minimal}
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                \begin{document}$$thresh$$\end{document}$ to a constant and use Stockmeyer's technique of constructing multiple copies of the input formula. \[[@CR1], [@CR2], [@CR12], [@CR29], [@CR31]\]The second class of techniques, henceforth called Cat2, consists of techniques that directly compute an $\documentclass[12pt]{minimal}
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                \begin{document}$$(\varepsilon , \delta )$$\end{document}$-estimate by setting $\documentclass[12pt]{minimal}
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                \begin{document}$$ \mathcal {O}(\frac{1}{\varepsilon ^2})$$\end{document}$, and hence invoking the underlying $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathsf {NP}$$\end{document}$ oracle $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {O}(\frac{1}{\varepsilon ^2})$$\end{document}$ times \[[@CR7]--[@CR9], [@CR20], [@CR21], [@CR24], [@CR25]\].

The current state of the art technique, measured by runtime performance, is $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathsf {ApproxMC3}$$\end{document}$, which falls into the class of Cat2 techniques \[[@CR25]\]. The proofs of correctness for all the hashing-based techniques involve the use of concentration bounds due to pairwise independent hash functions.

The standard construction of pairwise independent hash functions employed in these techniques can be expressed as a conjunction of XOR constraints such that every variable is chosen with probability $\documentclass[12pt]{minimal}
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                \begin{document}$$f = 1/2$$\end{document}$ for each XORs. As such, each XOR contains, on an average, *n*/2 variables. A $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathsf {SAT}$$\end{document}$ solver is invoked to enumerate solutions of the formula $\documentclass[12pt]{minimal}
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                \begin{document}$$\varphi $$\end{document}$ in conjunction with these XOR constraints. The performance of $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathsf {SAT}$$\end{document}$ solvers, however, degrades with an increase in the size of XORs \[[@CR15]\]. Therefore recent efforts have focused on the design of hash functions where each variable is chosen with probability $\documentclass[12pt]{minimal}
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                \begin{document}$$f < 1/2$$\end{document}$ \[[@CR1], [@CR2], [@CR11], [@CR14], [@CR17]\]. We refer to the XOR constructed with $\documentclass[12pt]{minimal}
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                \begin{document}$$f=1/2$$\end{document}$ as dense XORs while those constructed with $\documentclass[12pt]{minimal}
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                \begin{document}$$f< 1/2$$\end{document}$ as sparse XORs. In particular, given a hash function, *h* and cell $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha $$\end{document}$, the random variable of interest, denoted by $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathsf {Cnt}_{\langle \varphi ,h,\alpha \rangle }$$\end{document}$ is the number of solutions of $\documentclass[12pt]{minimal}
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                \begin{document}$$\varphi $$\end{document}$ that *h* maps to cell $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha $$\end{document}$. The pairwise independence of dense XORs is known to bound the variance of $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathsf {Cnt}_{\langle \varphi ,h,\alpha \rangle }$$\end{document}$ by the expectation of $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathsf {Cnt}_{\langle \varphi ,h,\alpha \rangle }$$\end{document}$, which is sufficient for their usage for both Cat1 and Cat2 techniques.

In a significant result, Asteris and Dimakis \[[@CR3]\], and Zhao et al. \[[@CR31]\] showed that $\documentclass[12pt]{minimal}
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                \begin{document}$$f = \mathcal {O}(\log n/n)$$\end{document}$ asymptotically suffices for Cat1 techniques. It is worth pointing that $\documentclass[12pt]{minimal}
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                \begin{document}$$f = \mathcal {O}(\log n/n)$$\end{document}$ provides weaker guarantees on the variance of $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathsf {Cnt}_{\langle \varphi ,h,\alpha \rangle }$$\end{document}$ as compared to the case when $\documentclass[12pt]{minimal}
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                \begin{document}$$f=1/2$$\end{document}$. However, Zhao et al. showed that the weaker guarantees are sufficient for Cat1 techniques with only polynomial overhead on the time complexity. Furthermore, Zhao et al. provided necessary and sufficient conditions on the required asymptotic value of *f* and proposed a new algorithm $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathsf {SparseCount}$$\end{document}$ that uses the proposed family of hash functions. One would expect that the result of Zhao et al. would settle the quest for efficient hash functions. However, upon closer examination, few questions have been left unanswered in Zhao et al.'s work and subsequent follow-up studies \[[@CR1], [@CR9], [@CR21]\].

Can the hash function constructed by Zhao et al. be used for Cat2 techniques, in particular for state of the art hashing-based techniques like $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathsf {ApproxMC3}$$\end{document}$?In practice, can the overhead due to the weakness of theoretical guarantees of sparse XORs proposed by Zhao et al. be compensated by the gain of performance due to sparse XORs in the runtime of $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathsf {SparseCount}$$\end{document}$?Is the runtime performance of $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathsf {SparseCount}$$\end{document}$ competitive to that of $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathsf {ApproxMC3}$$\end{document}$? The reader may observe that Zhao et al.'s paper does not compare their proposed algorithm for $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathsf {SparseCount}$$\end{document}$, with state of the art algorithms at that time such as $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathsf {ApproxMC2}$$\end{document}$, which is now in its third version, $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathsf {ApproxMC3}$$\end{document}$ \[[@CR25]\]. Therefore the question of whether the proposed sparse XORs are efficient in runtime was not settled. It is perhaps worth remarking that another line of work based on the construction of sparse XORs using low-density parity codes is known to introduce significant slowdown \[[@CR1], [@CR2]\] (See Section 9 of \[[@CR1]\]).

The primary contribution of this paper is a rigorous theoretical and empirical analysis to understand the effect of sparse XORs for approximate model counters. In particular, we make the following key contributions: We prove that the bounds obtained by Zhao et al., which are the strongest known bounds at this point, for the variance of $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathsf {Cnt}_{\langle \varphi ,h,\alpha \rangle }}$$\end{document}$, are still too weak for the analysis of $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathsf {ApproxMC3}$$\end{document}$. To the best of our knowledge, this is the first time the need for stronger bounds in the context of Cat2 techniques has been identified.Since the weakness of bounds prevents usage of sparse hash functions in $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathsf {ApproxMC3}$$\end{document}$, we design the most efficient algorithm, to the best of our knowledge, using sparse hash functions. To this end, we propose an improvement of $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathsf {SparseCount}$$\end{document}$. The improvement from linear to logarithmic uses the idea of prefix-slicing introduced by Chakraborty, Meel, and Vardi \[[@CR9]\] for $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathsf {SAT}$$\end{document}$ calls and similar to other hashing-based techniques, over 99% for each of the algorithms is indeed consumed by the underlying $\documentclass[12pt]{minimal}
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Given the surprising nature of our results, few words are in order. First of all, our work identifies the tradeoffs involved in the usage of sparse hash functions and demonstrates that the variance bounds offered by sparse hash functions are too weak to be employed in the state of the art techniques. Secondly, our work demonstrates that the weakness of variance bounds leads to such a large overhead that the algorithms using sparse hash functions scale much worse compared to the algorithms without sparse XORs. Thirdly and finally, we believe the negative results showcase that the question of the usage of sparse XORs to achieve scalability while providing strong theoretical guarantees is still wide open. In an upcoming work, Meel Akshay[2](#Fn2){ref-type="fn"} \[[@CR20]\] define a new family of hash functions, called concentrated hashing, and provide a new construction of sparse hash functions belonging to concentrated hashing, and design a new algorithmic framework on top of $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathsf {ApproxMC}$$\end{document}$, which is shown to achieve runtime improvements.

The rest of the paper is organized as follows. We discuss notations and preliminaries in Sect. [2](#Sec2){ref-type="sec"}. We then discuss the weakness of guarantees offered by sparse XORs in Sect. [3](#Sec4){ref-type="sec"}. In Sect. [4](#Sec5){ref-type="sec"}, we seek to design an efficient algorithm that utilizes all the advancements, to the best of our knowledge, in approximate model counting community. We present a rigorous empirical study comparing performance of $\documentclass[12pt]{minimal}
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Preliminaries and Notations {#Sec2}
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                \begin{document}$$\varphi $$\end{document}$ be a Boolean formula in conjunctive normal form (CNF), and let $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathsf {Vars }(\varphi )$$\end{document}$ be the set of variables appearing in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varphi $$\end{document}$. The set $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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Related Work {#Sec3}
------------

Gomes et al. \[[@CR14]\] first identified the improvements in solving time due to the usage of sparse XORs in approximate model counting algorithms. The question of whether sparse XORs can provide the required theoretical guarantees was left open. A significant progress in this direction was achieved by Ermon et al. \[[@CR11]\], who provided the first rigorous analysis of the usage of sparse XOR constraints. Building on Ermon et al., Zhao et al. \[[@CR31]\] and Asteris and Dimakis \[[@CR3]\] independently provided further improved analysis of Ermon et al. and showed that probability $\documentclass[12pt]{minimal}
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While the above mentioned efforts focused on each entry of *A* to be i.i.d., Achlioptas and Theodorpoulos \[[@CR2]\], Achlioptas, Hammoudeh, and Theodorpoulos \[[@CR1]\] investigated the design of hash functions where *A* is a structured matrix by drawing on connections to the error correcting codes. While their techniques provide a construction of sparse constraints, the constants involved in asymptotics lead to impractical algorithms for $\documentclass[12pt]{minimal}
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                \begin{document}$$(\varepsilon ,\delta )$$\end{document}$ guarantees (See Sect. 9 of \[[@CR1]\]). The work of Achlioptas et al. demonstrates the promise and limitations of structured random matrices in the design of hashing-based algorithms; however, there is no such study in the case when all the entries are i.i.d. In this paper, we theoretically improve the construction proposed by Asteris and Dimakis \[[@CR3]\], and Zhao et al. \[[@CR31]\] and perform a rigorous empirical study to understand the tradeoffs of sparsity.

Weakness of Guarantees Offered by Sparse XORs {#Sec4}
=============================================

In this section, we present the first contribution of this paper: demonstration of the weakness of theoretical guarantees obtained in prior work \[[@CR3], [@CR11], [@CR31]\] for sparse XORs. To this end, we investigate whether the bounds offered by Zhao et al. on the variance of $\documentclass[12pt]{minimal}
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Lemma 1 {#FPar4}
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The analysis of Cat2 techniques (and $\documentclass[12pt]{minimal}
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Recall, that the core idea of the hashing-based framework is to employ 2-universal hash functions to partition the solution space into *roughly equal sized small* cells, wherein a cell is called *small* if it has solutions less than or equal to a pre-computed threshold, denoted by $\documentclass[12pt]{minimal}
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We now investigate the guarantees provided by sparse XORs. To this end, we first recall the following result, which follows from combining Theorem 1 and Theorem 3 of \[[@CR11]\].

Lemma 2 {#FPar5}
-------
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Zhao et al. \[[@CR31]\], building on Ermon et al. \[[@CR11]\], obtain the following bound (see, Lemma 8 and Lemma 10 of \[[@CR31]\]).

Lemma 3 {#FPar6}
-------
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Theorem 1 {#FPar7}
---------
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Proof {#FPar8}
-----
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The inability of sparse XORs to provide good enough bounds on variance for usage in Cat2 techniques, in particular $\documentclass[12pt]{minimal}
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As mentioned earlier, Chakraborty et al. \[[@CR9]\] proposed the technique of using *prefix-slicing* of hash functions in the context of hashing-based techniques and their empirical evaluation demonstrated significant theoretical and empirical improvements owing to the usage of prefix hashing. In this work, we first show a dramatic reduction in the complexity of $\documentclass[12pt]{minimal}
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Empirical Studies {#Sec7}
=================

We focus on empirical study for comparison of runtime performance of $\documentclass[12pt]{minimal}
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We conducted experiments on a wide variety of publicly available benchmarks. Our benchmark suite consists of 1896 formulas arising from probabilistic inference in grid networks, synthetic grid structured random interaction Ising models, plan recognition, DQMR networks, bit-blasted versions of SMTLIB benchmarks, ISCAS89 combinational circuits, and program synthesis examples. Every experiment consisted of running a counting algorithm on a particular instance with a timeout of 4500 s. The experiments were conducted on a high-performance cluster, where each node consists of E5-2690 v3 CPU with 24 cores and 96GB of RAM. We set $\documentclass[12pt]{minimal}
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The objective of our empirical study was to seek answers to the following questions: How does $\documentclass[12pt]{minimal}
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Our conclusions are surprising and stand in stark contrast to the widely held belief that the current construction of sparse XORs by Zhao et al. \[[@CR31]\] and Ermon et al. \[[@CR11]\] lead to runtime improvement \[[@CR1], [@CR18], [@CR19]\].
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We present relative comparisons separately for ease of exposition and clarity.
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Conclusion {#Sec10}
==========

Hashing-based techniques have emerged as a promising paradigm to attain scalability and rigorous guarantees in the context of approximate model counting. Since the performance of $\documentclass[12pt]{minimal}
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Pairwise independent hash functions were initially referred to as strongly 2-universal hash functions in \[[@CR6]\]. The prior work on approximate counting often uses the term *2-universal hashing* to refer to strongly 2-universal hash functions.

is used to denote random author ordering, as suggested by the authors.
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The expression stated in the Theorem can be found in the revised version at [https://cs.stanford.edu/\~ermon/papers/SparseHashing-revised.pdf](https://cs.stanford.edu/%7eermon/papers/SparseHashing-revised.pdf) (Accessed: May 10, 2020).
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